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. Introduction

Consider the situation that customers arrive at a store and that
ach customer demands for a single item. The times between arrivals are
enerated by a renewal process, where the interarrival times have a non-
attice distribution function. The demands of the customers are mutually
ndependent, non-negative and identically distributed random variables
ith a discrete distribution, and independent of the arrival process.
xcess demands are backlogged.

The storekeeper follows an (s,S) policy, i.e. when by the demand of

customer the stock on hand plus on order i falls below s, then S - i
nits are ordered; otherwise, no ordering is done. There can only be
laced an order on the demand epochs. The lead time of an order is a
onstant t > 0. The numbers s and S are fixed integers with s < S.

We shall determine for both the stock in hand plus on order and the

tock on hand the transient behaviour and the limiting distribution.

. Preliminaries

Let Sqs 855 cees be a sequence of random variables such that the

nterarrival times =N 0

ndependent, positive and identiéally - distributed random variables

- —k—1"k =1, 2, ..., where s = 0, are mutually
aving the distribution function F(t). It is assumed that F(t) is non-

D
attice with F(0) = 0 and

(o]
u o= J tF(dt) < o,

0
2t 31,'£2, ... be a sequence of mutually independent, non<hegative and
lentically distributed random variables having the discrete distribu-
ion ¢(j) = P{LZ,_n = j}, (j>0; n>1). The sequences {gk} and {gk} are as-
amed to be independent.

Let the random variableA§n, n > 1, denote the epoch on which the

-th customer arrives, and let £, denote the size of the demand of the

)

A distribution function H(t) concentrated on [0,») is said to be
lattice if there exist numbers a,B > O such that all points of in-
crease of H are among the numbers a, o+B, a+2B, ... .




=-th customer.

We assume

Denote by F(n)(t) and ¢(n)(j), respectively, the n-fold convolution
f F(t) and ¢(j), i.e.

t
F(n)(t) = j F(t-y) F(n_1)(dy) forn > 1; t > 0,
0
o) = b oeGee™ D ) forn > 13 j 2.0,
k=0
‘here F(O)(t) =1 fort >0, ¢(O)(o = 1 and ¢(O)(j) =0 for j > 1.
learly, F(n>(t) = P{_g_n < t} and ¢( )(j) = P{_F,;1 ta. v E = it.
Let

") (35) for § > o.
1

e 8

u(t) = ) F(n)(t) for t > 0, m(j) =

n n

1
. (n) (n),. . ,
ince F'7/(t) and ¢ "/(j) converge exponentially fast to zero as n - «,

he functions U(t) and m(j) are finite, and further they satisfy [1]

t

U(t) = F(t) + f F(t-y)Uu(ay), for t > 0,
0

m(j) = ¢(3) + % ¢(j-k)m(k), for j > O.
=0

efine ﬁO = 0. Let

N(t) = max{n | s < t} for t > 0,

L] s, kd

mo = max{n | Gg e ¥ &, <k} for k > O.

ote N(t) is the number of arrivals in (0,t] and o is the number of

ustomers before the cumulative demand exceeds k.




It is well-known from renewal theory that [1]

€n(t) = u(t) for t > 0, €m =

N m m(j) for j > O.
J

0

Il o~

Tor any t > 0, let
a(t) =g + ... + &

Jlearly, a(t) is the total demand in (0,t]. Since P{N(t) = n} =

(n)(t) _ F(n+1)(

=P{s <t<s .} =F t) for n > 0, we have
-n — n+1 -

def Pla(t) = k} = 'z‘¢(n)(k){F(n)(t) - F(n+1)(t)}

n=0

(1) a (t)

k =
for k > 05 t > 0.

For any k > 1, let

(2) .Ek = Enl—-—k..’]-{-].

Clearly, Ek

epoch on which the cumulative demand exceeds k - 1 for the first t

Note that t. = s

is the length of the time interval from t = 0 up to th

if ¢(1) = 1. We have by Wald's equation

k =k

_ k-1
(3) "ﬁgk ='€§i.€(§%_1+1) = u{1 + j26'm(j)}, for k > 1.
Let ¢(n)(j) = ¢(n)(o) L ¢<n)(j) for j > 03 n > 0. Since the

cesses {s,} and {§ } are independent, we have for each k > O that

k k
. + . . .
é(n)(k) - ¢(n 1)(k) is the probability that the cumulative demand

first exceed k on epoch 5, n > 0, and hence

+1?

P{t, <t} = ] 1o (1) = o ey B (),
n=0

for t > 05 k > 1.




'sing this formula and using a result from the theory of characteristic
‘unctions which characterizes the lattice distributions[4lit is readily
-erified that for each k > 1 the distribution function of t, is non-
attice.

We shall need the key renewal theorem. Before we state this theo-
em, we give the following definition [1]. A function z(t), t > 0, is

;aid to be directly Riemann integrable if for fixed h > O the two series
: mn(h) and ) Mn(h) converge absolutely and if
1

o] [o2]
limh ) m(h) =linh L M (n),
0  n=1 h>0 n=1

there we denote by mn(h) and Mn(h), respectively, the largest and the
imallest number such that m (h) < z(t) < M (h) for (n-1)h < t < nh.

We note that any directly Riemann integrable function is also
iemann integrable over [0,») in the ordinary sense. It is easily seen
;hat a non-negative function z(t), t > 0, is directly Riemann integra-
yle over [0,») if it is integrable over every finite interval [0,a) and

£) Mn(h) < @ for some h > 0. Hence a monotone function is directly

1
}iemann integrable if it is Riemann integrable in the ordinary sense.

We now state the key renewal theorem [1]

ey renewal theorem

If the function z(t), t > 0, is directly Riemann integrable and if

"(t) is non-lattice, then

t
lim J z(t-y) U(dy) = 1
g 40 H

semma, 1

For each k > O the function ak(t), t > 0, is directly Riemann inte-

zrable and

J a (t)at = u{cb(o)(k) + m(k)}, for k > 0.
0




'roof

For any k > 0, let
g (t) = 1 o™ 0 -, ez

iy (1), we have for any k > O that 0 < a, (t) < g (t) for t > 0. It is
rell-known that if H(t) is a distribution function concentrated on

0,») and having a finite expectation a, then
J {1 - H(t)}dt = a,
0

nd hence

L) J {1 - F(n+1)(t)}dt = (n+1)u, for n > 0.
0

’hus, since ¢(n)(k) converges exponentially fast to zero as n * « for
:ach k > 0, the non-increasing function gk(t), t > 0, is Riemann inte-

rrable over [0,®) in the ordinary sense. Hence, by a well-known result

oo

'rom analysis, we have for each k > O that z gk(n) < «, Since
n=0
) < e (t) j_gk(n) for n < t < n+1, it is readily seen that ak(t) is

lirectly Riemann integrable. Moreover, we have by (1) and (4) that
f ak(t)dt = Z ¢(n)(k)u = u{¢(o)(k) + m(k)}, for k > O.
0 n=0

'his ends the proof.

Finally let
y(t) =s (£)+1 -t, for t > 0.

"he random variable y(t) is the length of the time interval between
;ime t and the first demand epoch occurring after t. It is well-known

chat [1]




6

t
P{y(t) < u}l = F(t+u) - F(t) + f {F(t+u-y) - F(t-y)} uldy),
0
u>0; t >0,
nd
1 u
5) lim P{y(t) < u} = 'JJ {1 - F(x)}ax, u > 0.

1>

0

. The transient behaviour and the limiting distribution of the stock

level

The ordering policy followed is an (s,S) policy, i.e. when on a
emand epoch the stock on hand plus on order i falls below s, order
hen S - 1 units; otherwise, no ordering is done. The lead time of an

rder is a constant T > O.

Denote by 2y the stock on hand plus on order at time t, where on

*)

‘he demand epochs, z, is measured just after ordering (if any).

For any t > 0, let

pij(t) = Plz, = J | 2y = i}, for i, j > s.

‘or any i > s, denote by Gi(t) the distribution function Sf the random

rariable t. (cf. formula (2)). Using a standard argument from renew-

-s+1
11 theory, we have for any t > O that

6) pij(t) = ai_j(t) + JZ psj(t-u)Gi(du), for all i, j > s,
there ak(t) = 0 for k < 03 t > 0. In particular we have

t
.T) psj(t) = aS_J.(t) + Jo psj(t-u)GS(du), for s < j <S;t>o0.
Jlearly
(8) psj(t) =0 for j > S; t > O.

It is interesting to note that the stock on hand plus on order on

the demand epochs just after ordering behaves exactly as the stock
on hand plus on order just after ordering in the classical, peri-

odic review (s,S) inventory model.




(n)

for each j € [s,5] the equation (7) is a renewal equation. Let Gg (t)
oe the n-fold convolution of Gs(t), and let the renewal function V(t)
be defined by

v(t) = ) a{™(¢), t > 0.

For each k > O the function ak(t), t > 0, satisfies 0 < a, () <1
(n)

S (u) >0 asn~>

(cf. (1)). Iterating (7) and using the fact that G

for each u, yields

= - < ] . >
(9) Pg (t) as_j(t) + J as_j(t u)vV(du), for s < j <S; t > 0.
The formulas (6), (8) and (9) in conjunction yield the time dependent
solution of the distribution of the stock on hand plus on order.

We shall next determine the limiting distribution of the stock on
hand plus on order. Therefore we note that the distribution function

G.(t) is non-lattice, as already proved in section 2. Further.we have

S
for each k > 0 that ak(t) + 0 as t > », From the key renewal theorem,
lemma 1, (3) and (9), it follows now that
o (0)/a - .
: 1 ¢~ ’(s-j)+m(S-j)
(10) lim p ,(t)=€——J a. .(u)du = .
100 SJ P‘S—S+1 0 S-J 1+M( S-s )
s <Jj<8s,
where
M(k) = m(0) + ... + m(k), k > 0.

From (6), (8) and (10), it follows that

{
16400 (5-3)+m(8-3)}/{144(5-5)}, for all i > s; s < j < S

11) 1lim p..(t) =4
( )twle()

0 , for all i > s; j > S.




et a; = lim pij(t) for i, j > s. We note that if ¢(1) = 1, then

t>

q = 1/(S=-s+1), for s < j < S.

'his result has been obtained in [3] for the case that the arrival pro-
.ess is a Poisson proces, although the derivation in [3] needs an addi-
.ional argument. If ¢(j) has a geometric distribution, i.e.

(3) = p(1-—p)jm1 for j > 1, where 0 < p < 1, then m(j) =p for j > 1,

ind hence

1/{1 + (s-s)pl, for j = S,

p/{1 + (8-s)p}, for s < j < S.

This result has been obtained in [5] for the case the arrival process
is a Poisson process. Moreover, we note that in [2,4] a number of re-
sults for the distribution of the stock level are obtained for the case
(1) = 1 and the lead time is random.

We shall next determine the distribution of the stock on hand. For

any t > 0, let

bk(t,T) = P{a(t+t) - a(t) = k}, for k > 0,
i.e. bk(t,r) is the probability that the total demand in (t,t+t] will

be k. Note that b, (t,7) = &, (1) if the renewal process {s, } is a Poisson
process.

For any t > 1, let rij(t) be the probability that the stock on
hand at time t will be j, given that zy = i, Since anything on order at
time t will have arrived by time t + T and since anything ordered after
time t will arrive after time t + t, we have for any t > O that

max(i,S)

(12) rij(t+T) = kzs Py (t)D

k__j(t,r), for i > s3 j € I,




here I is the set of all integers and bk(t,T) = 0 for k < 0.
Using the definition of the random variable y(t) (cf. section 2),

it is readily seen that

T
(13) bo(t,T) = P{y(t) > 1} + f {¢(0) + aO(T-u)} ap{y(t) < ul,
0
t > 0,
and
k T
(14) bk(t,T) = ) J {6(3) + a, (t=u)} aP{y(t) < ul,
j=0 ‘0 .

k > 1; t > 0.

By (12), (13) and (14) the transient behaviour of the stock on hand is
determined.

Finally, we determine the limiting distribution of the stock on
hand. From (5), it follows that

dif lim bo(t,r) =

hvand

(15 by(1)

T

J {1 - F(u)}du +-% J {6(0) + a
T 0

O(T-u)}{1 - F(u)}au,

k T
) J {0(3) + a_s(1=u)}(1-F(u))du, k 2 1.
j:o 0 -

z |-

From (11), (12), (15) and (16), it follows
S

lim r..(t) = z q, b, (1), i>s; el
RN k=s k"k-)]

where bk(T) = 0 for k < 0.
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